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Abstract. In this work we construct an eigencurve for p-adic modular forms 
attached to an indefinite quaternion algebra over Q. Our theory includes 
the definition, both as rules on test objects and sections of line bundle, of p- 
adic modular forms, convergent and overconvergent, of any p-adic weight. We 
prove that our modular forms can be put in analytic families over the weight 
space and we introduce the Hecke operators U and T; , that can also be put in 
families. We show that the U-operator acts compactly on the space of overcon- 
vergent modular forms. We finally construct the eigencurve, a rigid analytic 
variety whose points correspond to systems of overconvergent eigenforms of 
finite slope with respect to the U-operator. 



Introduction 

Let D be an indefinite quaternion algebra over Q. Under certain hypotesis, the 
Jacquet-Langlands correspondence gives a map from the space of modular forms 
for D to the space of modular forms for GL 2 / Q. In |Kas99j . Kassaei developed 
the theory of p-adic modular forms (where p is a prime that does not divide 5, 
the discriminant of D), of integral weight, attached to D. The Jacquet-Langlands 
correspondence works also for p-adic modular forms, of level coprime with p. Since 
nowadays the theory of p-adic modular forms for GL2 / Q is well developed, it is 
natural to seek for a similar theory also for modular forms relative to D. One of the 
most important result in the elliptic case is the existence of the eigencurve: a rigid 
space whose points correspond to systems of overconvergent eigenforms (of any p- 
adic weight) of finite slope with respect to the U p -operator. The final goal of this 
paper is the construction of the eigencurve for modular forms attached to D. We are 
going to use the general machinery developed by Buzzard in |Buz07j . We therefore 
need a weight space W and a notion of analytic family of modular forms over W. 
Our weights are continuous characters Z* — > K*, where if is a finite extension of 
Q p , and we take as W the rigid analytic curve such that W{K) = Hom cont (Z*, K*). 
We define the space of modular forms, both convergent and overconvergent, with 
respect to D, level N coprime withp, with coefficients in K (where K is big enough), 
and weight any \ G W(K). We then show that this modular forms can be put in 
families. We have the Hecke operators T;, for I a prime not dividing SN, and 
the U-operator, that acts completely continuously on the space of overconvergent 
modular forms. The main result of the paper (Theorem I6.5j) is the following 

Theorem. There is a rigid space C C W x A^ rlg 7 called the eigencurve, whose 
L-points, where L is a finite extension of K , correspond naturally to systems of 



Date: March 8, 2013. 

2010 Mathematics Subject Classification. Primary: 11F85; Secondary: 14G35, 11G18. 

Key words and phrases, p-adic modular forms, quaternionic modular forms, modular forms of 

non-integral weight. 

1 



2 



RICCARDO BRASCA 



eigenvalues of overconvergent modular forms of finite slope with respect to the U- 
operator, defined over L. Let Wi be the projection to the i-th factor. If x G C(L), 
let M. x be the set of overconvergent modular forms corresponding to x. Then the 
elements of M. x have weight ~k\{x) 6 W(L) and the U -operator acts on M x with 
eigenvalue 7T2(x) . We have that iri is, locally on W and on C, finite and surjective. 

In [Bral2 , we have developed a theory of p-adic modular forms of any weight 
attached to a quaternion algebra over a totally real field F different from Q, fol- 
lowing the approach of |AISllj . With this paper we want to fill the gap left by 
the case F = Q, using the same techniques. The main technical results of |Bral2] 
work also in the case F — Q, but there are some differences, that we explain the 
following description of the paper. 

In Section Q] we describe the basic objects of our work, following [DT94]. We fix 
a prime p > 3 and an indefinite quaternion algebra D over Q with discriminant d. 
We assume p \ 5. Let N be an integer with N > 4 and coprime with p. We fix a 
suitable compact open subgroup K(N) C D* <8>q A*, where A* is the ring of finite 
adele of Q. There is a smooth and proper PEL Shimura curve A4(N) defined over 
Z p that parametrizes abelian surfaces (more precisely 'false elliptic curves') with 
JV- level structure. We have also the curves A4(Np r ) for any r > 0, analogue to 
the usual compactified modular curve of level Ti(Np r ). Using the moduli problem 
solved by M(Np r ), we define the space of classical modular forms with respect 
to D, level Np r , coefficients in K (a finite extension of Q p ), and weight k G Z. 
We empathize the approach of considering a modular form as a 'rule defined on 
test objects' rather that a global section of a line bundle. This a big difference 
with [Bral2 , and we believe that it makes the theory more transparent (though 
we need to know the our modular forms actually are sections of some line bundle 
to construct the eigencurve). We take the rigid analytic viewpoint from the very 
beginning, so we will consider only modular forms over K. 

In Section [2] we define p-adic modular forms of integral weights and we recall 
the theory of the canonical subgroup, following [Kas99| and |Bral2j . In Section [3] 
we study the (Cartier dual of the) canonical subgroup in detail and we introduce 
the map dlog, that will be crucial in the sequel. We obtain some of the results 
of [AlSllj . but our approach needs much less calculations and it is completely 
explicit. In particular, we prove that, over A4(Np), the dual of the canonical 
subgroup admits a canonical point, and we study the image of this point under 
the map d log. We do this using a suitable Lubin-Tate group for Z p instead of the 
formal multiplicative group. This idea comes from |Bral2j . where it was needed 
to take into account the action of a finite extension of Z p on various objects. In 
our situation, this is not necessary, but it is in any case very useful, as we explain 
comparing our approach with the one of |AIS11] . In Section [4j we explain the 
technical results about the map dlog that we will need. 

In Section we recall the basic property of the weight space W. Let if be a 
finite extension of Q p and let Z* — > K* be a continuous character. If K contains 
all the p r -th roots of unity, where r depends on x, we define the space of p-adic 
modular forms with coefficients in K and weight \i °f an y level. As mentioned 
above, our definition is quite simple and it is based on test objects. This makes the 
definition and the study of the diamond operators very clear. If x(t) = t k , then, as 
usual, we obtain the space of modular forms of integral weight k. We then show that 
our modular forms are sections of a line bundle on a certain tubular neighborhood 
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of the ordinary locus of the (rigid analytic) Shimura curve. We finally show that 
our modular forms can be put in analytic families over the weight space. This paves 
the way to the construction of the eigencurve via Buzzard's machinery. 

In Section [6] we finally construct the eigencurve. It remains to define the Hecke 
operators U and T;, where I is a prime not dividing SN. Using test objects this is not 
difficult, but we need the approach via line bundles to prove that they are continuous 
and that U is completely continuous on the space of overconvergent modular forms. 
All the assumptions of [Buz07] are verified, so we obtain Theorem l6.5l 

Acknowledgments. I would like to thank Fabrizio Andreatta and Marco Seveso 
for their encouragements in writing this work. This paper was carried out when 
the author was a guest researcher at the Max Planck Institute for Mathematics. 
I would like to thank that institution for the hospitality and the excellent work 
conditions provided. 

1. Shimura curves and classical modular forms 

Let p > 3 be a rational prime, fixed from now on. Let v(-) be the valuation of 
Q p normalized in such a way that v(p) = 1. We will write | ■ | for the absolute value 
of Q p such that |x| = p~ v ( x "> for all x £ Q p . We extend both v(-) and | • | to the 
whole C p , that is the completion of a fixed algebraic closure of Q p . We will write 
[■] : F* — > Z p for the Teichmuller character, and we set [0] := 0. All the schemes 
we are going to consider will be defined over Z p . When there is no possibility of 
confusion, we will denote base change with a subscript. 

In this section we recall the theory of classical modular forms attached to a 
quaternion algebra, see |DT94j and |Kas99j for details. Let D be a quaternion 
algebra over <Q that is indefinite and with discriminant 5 that satisfies p \ 8. Wc 
assume that D is a division algebra and we fix Od, a maximal order of D. We fix 
identifications D ®q R = M 2 (R) and O d <g>% Z z = M 2 (Z;) for all primes I \ 5. Let 
x H- x' be the canonical involution of D. We choose t € Od such that t 2 = —5 
and we define another involution on D by x i-> x* := t~ l x't. We write A* for the 
ring of finite adele of Q. Let GJ Q be the reductive algebraic group such that its 
i?-points, for any Q-algebra R, are G{R) = (D ®q R)* . We have that G(A^) is 
the restricted tensor product of the Dfs, where I is a prime and Di := D ®q Q ; . 
Let Odi be Od <8>z Z; and let K be a compact open subgroup of J7z ®*d, ■ W e will 
assume that K is 'small enough', in particular the following conditions will suffice 

• (Nk,8) = 1, where Nk (the level of K) is the smallest positive integer N 
such that K contains all the elements of Od, which are congruent to 1 
modulo N; 

• K C Vi {N) for some integer N > 4 such that (N, 8) = 1, where Vi (N) is the 
subgroup of Y[i ®D t gi ven by elements which are congruent to 
modulo N; 

• det(if) = Z , where det: G(A^) ->■ Af is the reduced norm. 

In particular we can take K = Vi(N) with N > 4. 

Let T be any scheme over Z p . By a false elliptic curve over T we mean an abelian 
surface A — > T together with an embedding i: Od ^ EndT{A). If (N, 8) = 1, by 
a N -level structure on a false elliptic curve (A, i) over T we mean an isomorphism 
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of left 0D-modules a: A[N] -4 (O d ®i Z/NZ) T . If K is as above, a K-level 
structure on (A, i) is a A^f -level structure defined up to right if- equivalence. 

We now fix K(N) C G(A^) of level AT that satisfies the above assumptions 
and we assume that (p,N) = 1. It can be proved that, on any false elliptic curve 
(A, i) over T, there is a unique principal polarization whose corresponding Rosati 
involution on End (A x ) (where x is any geometric point of T) restricts to * on Od- In 
particular, any false elliptic curve is canonically principally polarized. The functor 
Z p -schemes — > set that sends T to the set of isomorphism classes of false elliptic 
curves with K-level structure is representable by a geometrically connected scheme 
M(N) defined over Zp. We have that A4(N) — > Spec(Z p ) is smooth, proper, and 
of relative dimension I. The universal object will be denoted A(N) — > M(N). 

Let C be a pseudo-abelian category and let X be an object of C with an action 
of Od <8>z Z p . Choosing a non-trivial idempotent e 6 Od <8>z Z p = M.2(0-p) such 
that e* = e, we obtain a decomposition 



where each X % has an action of Z p . Note that X 1 and X 2 are isomorphic. This 
notation will be used throughout the paper. 

Let n > be an integer and let K(N,p n ) be the subset of K(N) given by the 
elements whose component at p is upper triangular modulo p n . There is a regular 
scheme M.(N,p n ) that represents the functor Z p -schemes — > set that sends T 
to the set of isomorphism classes of quadruples (A, i,a, C) where (A,i) is a false 
elliptic curve over T, a is a K-\eve\ structure on (A, i) and C is a finite and flat 
subgroup of order p n of ^[p"] 1 . We have that M(N,p n ) — > Spec(Z p ) is proper and 
of relative dimension 1, generically smooth but not smooth. Indeed, the special 
fiber is a normal crossing divisor with two components, each one isomorphic to 
M(N)w p . The two components intersect at the supersingular points (see below). 
The universal object will be denoted A(N,p n ) -> M(N,p n ). 

Remark 1.1. Any C as in the above moduli problem gives T>, a finite and flat 
subgroup of order p n of A[p n } 2 , and we have that C V is a finite and flat sub- 
group of A[p n ] of order p 2n , stable under the action of Od- All such subgroups of 
A[p n ] arise in this way. The canonical principal polarization of A induces isomor- 
phism Alp* 1 } 1 = {A[p n ] 2 Y (Cartier dual). This isomorphism takes C ^ Alp 71 } 1 to 

{A[p n ] 2 /vy ^v v . 

Let K(Np n ) be the subset of K(N,p n ) given by the elements whose component 



represents the functor Z p -schemes — s> set that sends T to the set of isomorphism 
classes of quadruples (A, i, a, P) where (A, i, a) is as above and P is a point of 
exact order p n of ^[p™] 1 . We have that M{Np n ) — > Spec(Z p ) is proper, gener- 
ically smooth, and of relative dimension 1. The universal object will be denoted 
A(Np n ) -> M(Np n ). 

The curves M(N), M(N,p n ), and M{Np n ) are the Shimura curves we are 
interested in. There are several morphisms between them, given the by obvious 
natural transformations of functors. Let K be any one of K(N), K(N,p n ) or 
K(Np n ) and let M be the corresponding curve. If e : M — > A is the zero section 



x = x 1 ®x 2 , 




There is a regular scheme M(Np n ) that 
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of the universal object, we define 

u:=u K := (e*Q\ /M ^ , 

that is a locally free sheaf of rank 1 on M.. Given Spec(i?) — > Ai, where R is a 
Zp-algebra, the pullback of a; to Spec(i?) will be denoted ui R or lo_a/ r , where A is 
the pullback of the universal object to Spec(i?). 

Let V be a finite extension of Z p , with field of fraction K (we will make several 
assumptions about V during the paper). From now on we will usually work over 
V or over K. To simplify the notation, we will omit the subscripts y and k- We 
will also be interested in formal schemes and we will use the following convention: 
algebraic objects defined over V will be denoted using Italics letter, like M(N). 
The completion along the subscheme defined by p = will be denoted using the 
corresponding Gothic letter, like 9Jl(JV). 

Definition 1.2. Let r > be an integer. A (classical) test object of level K(Np r ) 
is a couple ((A/R,i,a, P),lu), where: 

• R is a F-algebra; 

• (A/R, i, a, P) is an object of the moduli problem of level K(Np r ) (we will 
usually omit P from the notation if r = 0), with A defined over R and such 
that uj_ r is free; 

• u) is a basis of lj r . 

Definition 1.3. Let k be an integer. A (classical) modular form with respect to 
D, level K(Np r ) and weight k, with coefficients in K, is a rule that assigns to 
every test object T = ((A/R,i,a, P),u), where T is of level K(Np r ), an element 
f(T) e R K such that 

• f(T) depends only on the isomorphism class of T; 

• if ip : R — >• R' is a morphism of F-algebras and we denote with T" the base 
change of T to R', we have f(T') = <p(f(T)); 

• for any A S R*, we have 

f(((A/R,i,a,P),\u>)) =\- k f(T). 
We write S D (K, K(Np r ), k) for the space of such modular forms. 
Proposition 1.4. There is an invertible sheaf VL k (Np r ) on Tt(Np r ) lis such that 

S D (K,K(Np r ),k) = U°(Wl(Np r y is ,n k (Np r )). 
Proof. We take for Vt k {Np r ) the rigidification of formal completion of uj® k . □ 

Remark 1.5. The above proposition is trivial, and we can state a much stronger 
result (namely that we have an invertible sheaf over A4(Np r ) that is a model of 
£l k (Np r )), but later on we will consider p-adic modular forms of any weight, and 
the above result has a direct analogue, while the stronger version has not. 

Definition 11.31 is given only for modular forms over K, since this is the case 
we will be mainly interested in, but using Proposition 11.41 we have the notion of 
classical modular form defined over any Z p -algebra, as usual. 
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2. p-ADIC MODULAR FORMS OF INTEGRAL WEIGHT 

We now analyze more closely what happens at level K(N). There is a Kodaira- 
Spencer isomorphism w® 2 = ^Im(n)/z an< ^ we have deg(cj) = g — 1, where g is 
the genus of any geometric fiber of M(N). Let (A, i, ct) be an object of the moduli 
problem, with A defined over a V^-algebra R. We have that ^[p 00 ] 1 is a p-divisible 
group of dimension 1 and height 2. Let 21 be the p-adic completion of A and let 
A be the completion of 21 along the zero section. Then A 1 is a formal group of 
dimension 1. If A 1 is a Barsotti-Tate group, its height is either 1 or 2. We say 
that (A, i,a), or simply A, is ordinary if A 1 has height 1. Otherwise we say that 
A is super singular. We have that A is ordinary (supersingular) if and only if Ap 
is ordinary (supersingular) in the usual sense. If ui R is a free i?-module, we have 
that A 1 is a formal group law, and there is a coordinate x on A 1 such that the 
multiplication by p has the form 

oo 

\p](x) = px + ax p + ^2c J x^ p - 1 '> + \ 

where a, Cj are in R and cj G pR unless j = 1 mod p. If we assume that p — in R 7 
the various a's glue together to define H , a modular form of level K(N) and weight 
p — 1, defined over F p , that is called the Hasse invariant. If W = Spec(i?) is an 
open affine of A4(N) and we denote with ui the differential dual to the coordinate 
x defined above, we have H\w — au)® v ~ x . We have that H vanishes precisely at 
the supersingular points of Ai(N)=: and has simple zeros here (so the number of 
supersingular points is (p — 1)(<?— 1))- Moreover, supersingular points actually exist 
(hence g > 2). The modular form H can be lifted, non-canonically, to a modular 
form E p _i defined over Z p . We fix once and for all such a lift, everything will not 
depend on this choice. Over Spec(i?) we can write Sp— i Spec(R) = EujP^ 1 for some 
E e R. We have a = E mod p. 

Let < w < 1 be a rational number, and let us assume that V contains an 
element of valuation w, denoted p w . We define 

M(N)(w) := Spec^CSymG^- 1 )/^-! -p w )). 

Note that A4(7V)(w) has a natural moduli interpretation. It classifies couples 
((A,i,a),Y), where (A/R, i, a) is false elliptic curve of level K(N) and Y is a 
global section of <±^^ p such that YE p -i — p w . 

Taking the rigidification of the map VJl(N)(w) — > 9Jl(N) we get the immersion 
MiNY^iw) ^ 5Crt(iV) ri s, where 2tt(A0 rig H is the affinoid subdomain of 9JT(7V) rig 
defined by Coleman in j( 'ol!)7,. relative to E p _\. We call 93t(A^)(0) rlg the ordinary 
locus, it is an affinoid subdomain of 9Jl(N) llg : its complement is a finite union of 
open discs of radius 1, called the supersingular discs. 

Let r > 1 be an integer and assume that < w < = ■>) , 1N . Let A be an 
object of the moduli problem of A4(N)(w), defined over R. In this case »4[p r ] 1 
has a canonical finite and flat subgroup C r of order p r . This gives a morphism 
m(N)(w) -> M(N,p r ). Its rigidification is a section, defined over OT(7V)(u;) ri s, of 
the morphism m(N,p r ) ris -)• 97l(iV) ris . We define 2R(A^p r )( w ) ris as th e inverse 
image of 9Jl(7V)(w) rig with respect to the map 97t(iV,p r ) ris 9Jl(iV) ri g. It is an 
affinoid subdomain of 97l(iVp r ) rlg with a finite and etale map to 9JT(iV)(w;) rlg . Taking 
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the normalization of DJl(N)(w) in 9Jt(Ap r )(u>) ns , that is a finite extension of its 
generic fiber, we obtain 3Jl(Np r )(w), a formal model of dJl(Np r )(wY ls . 

If we work 'at level K(Np r )\ we will tacitly assume that w < p r- s( p+1 ) ; so we 
have the canonical subgroup of any object of the moduli problem of M(Np T )(w). 
In particular, all our results will holds if w is small enough. 

Notation. Let R be a p-adically complete and flat F-algebra. We will say that R 
is normal if R is integrally closed in Rk- We extend this notion to formal schemes 
in the obvious way. 

Proposition 2.1. We have that DJl(Np r )(w) is a flat and normal formal scheme 
over Spf(V). 

Proof. In the case r = this is |Kas04[ Proposition 9.5]. If r > 1 it is a trivial 
consequence of the definition. □ 

Proposition 2.2. Let R be a normal, flat, and p-adically complete V -algebra. 
There is a natural bijection between DJl(Np r )(w)(R) and the set of isomorphism 
classes of couples ((A/R,i,a, P),Y), where: 

• (A/R, i, a, P) is an object of the moduli problem, with A defined over R, of 
M(Np r ) and P generates the canonical subgroup of A[p r ] 1 ; 

• Y is a section of that satisfies YE p -i — p w . 

Proof. This is |Bral2i Proposition 3.2]. □ 

The above proposition motivates the following 

Definition 2.3. Let r > be an integer. A (p-adic) test object of level K(Np r ) 
and growth condition w is a couple ((A/R, i, a, P, to), Y), where: 

• R is a p-adically complete, fiat, and normal ^-algebra; 

• ((A/R, i, a, P), to) is a classical test object of level K(Np r ); 

• Y is a global section of cj® such that YE p -i = p w . 

Definition 2.4. Let k be an integer. A p-adic modular form with respect to D, 
level K(Np r ) and weight k, with coefficients in K and growth condition w, is a 
rule that assigns to every test object T = ((A/R, i, a, P, to),Y), where T is of level 
K(Np r ) and growth condition w, an element f(T) € Rk such that 

• f(T) depends only on the isomorphism class of T; 

• if Lp: R — > R' is a morphism of p-adically complete, flat, and normal V- 
algebras and we denote with T' the base change of T to R', we have f(T') = 

• for any A G R* , we have 

f((A/R,i,a,P,Xw),Y) = \- k f(T). 
We write S D (K,w,K(Np r ), k) for the space of such modular forms. 

If ft, < r are integers, the natural injective morphism S D (K,w,K(Np h ),k) — > 
S D (K,w,K(Np r ),k) allows us to consider S D (K,w, K(Np h ),k) as a subset of 
S D (K,w,K(Np r ),k). 

Proposition 2.5. There is an invertible sheaf Vt k (Np r )(w) on m(Np r )(wY is such 
that 

S D (K,w,K(Np r ),k) =R (Wl(Np r )(wy isi ,n k (Np r )(w)). 
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Proof. We take for n k (Np r ){w) the restriction to m(Np r )(w) ris of Sl k (Np r ). □ 

This proposition shows that the natural morphism S D (K 7 w' , K(Np r ), k) — > 
S D (K,w,K(Np r ),k), where w' > a) is a rational number that satisfies the same 
assumptions as w does, is injective. 

Remark 2.6. As in Remark 11.51 we can state a stronger result than in the above 
proposition, namely, that we have a formal model of fl k (Np r )(w). But, since we 
do not have an integral model of VJl(Np r )(w) that satisfies a reasonable moduli 
property, we do not have an integral model of il k (Np r )(w). Later on, we will not 
even have the formal model of the sheaves we are interested in. 

By definition, elements of S D (K, K{Np r ) 1 k) correspond to sections of Sl k (Np r ) 
over $Jl(Np r y is , while elements of S D (K, w, K(Np r ),k) correspond to sections over 
DJl(Np r )(wY' lg . Elements of S D (K,0, K(Np r ),k) are called convergent modular 
forms, while the elements of S D (K,w, K(Np r ), k), for w > 0, are called overcon- 
vergent modular forms. 

3. More on the canonical subgroup and the map dlog 

There is a primitive p-th root of unity £ p in V if and only V contains £, a non 
trivial root of x p —px, that is, a (p— l)-th root of —p. This is an exercise, but it also 
follows from Oort-Tate theory: by [OT701 pages 8-10], there is an isomorphism of 
group schemes Spec(V[x]/(x p — 1)) = Spec(V[x}/ (x p — pw p -ix)), where w p -\ 6 Z* 
is a universal constant. In particular, £ p gives a (p — l)-th root of w p -ip. We have 
that the reduction modulo p of u> p _i is congruent to (p — 1)!, so — u> p _i admits 
a (p — l)-th root in 1* p and we get the desired (p — l)-th root of —p. The point 
of this discussion is that, to simplify the calculations, we prefer to take Oort-Tate 
theory as starting point rather than using it to obtain technical results. In this 
way our calculations will be completely trivial. From this point of view, p, p y is 
Spec(V[x]/(x p +px)). From now on, when we work at level K(Np), we will tacitly 
assume that V contains a fixed (p — l)-th root of — p, denoted (— p) 1 /^- 1 ) (in 
particular, V contains also Later on, we will explain a similar assumption for 
higher levels, equivalent to the fact that V contain a primitive p r -root of unity. 

At level K(Np), the canonical subgroup is given, locally on M(N)(w), by C = 
Ci = Spec(i?[a;]/(a; p + j^x)), where ^p-iigpecfiJ) = Eu^ 1 as in Section [2] (the fact 
that the canonical subgroup arise naturally in this form is the main reason why it 
is so convenient to use Oort-Tate theory from the very beginning). 

Proposition 3.1. There is E 1 e S D {K,w, K{Np), 1) such that Ef 1 = E q _ x . 

Proof. Let Spec(S') be the base change of Spec(i?) to M{Np){w). By the mod- 
uli property of Ai(Np)(w), we have a canonical S'-point of C, that gives (using 
(— p) 1 /^ -1 )) a (p — l)-th root of E in S. These roots glue together to define the 
required E\. □ 

Let r > 1 be an integer. Fix an open affine Spf(i?) of DJl(N)(w) such that w is 
free, generated by uj as above. Let Spf(SV) be the pullback of Spf(i?) to 9Jl(Np r )(w) 
under DJl(Np r )(w) — > VJl(N)(w). Let A be any object of the moduli problem of 
9Jl(N)(w). We know that *4[?/] 1 admits a canonical subgroup C r and that the 
canonical point of As^p 1 "] 1 generates C r . We want to construct a canonical S r - 
point of (C r ) v that is a generator of (C r ) v (5 r ) as Z jp T Z-module. All our schemes 
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are normal, so it is enough to define a morphism C r ,s riK — > Hp t ,s t k ■ But C r ,s r , K is a 
constant group scheme, with Z jp r Z as associated abstract group, and we have P, 
a canonical generator of C r ^s T K - So it is enough to define the image of P, or, that 
is the same, to choose a point of p p r.s r K - In particular it is natural to assume that 
V contains ^ , a fixed primitive p r -th root of unity, and to take it as the image 
of P. But recall that we want to use Oort-Tate theory as building block, so for us 
is Spec(V[x]/(x p + px)) rather than Spec(V[x]/(x p — 1)). For this reason, we 
take the following slightly different approach. 

Let CT be the basic Lubin-Tate group associated to p, as in |Lan78[ Chapter 
8], over V. It is a formal group law on V[[x]] that has an action of Z p and the 
multiplication by p is given by \p](x) — x p + px. If z £ F p , the action of [z] 
sends x to [z]x. All Lubin-Tate groups associated to p are strictly isomorphic, so 
CT = Q m ,v- In particular, if G is a finite and flat group scheme over S r , giving 
a morphism G — > CT s T is the same as giving a morphism G — > G m ,s r - Repeating 
the above discussion, we see that to define a point of (C r ) v (S r ) it is enough to fix 
a point of CT of order exactly p r . For this reason we fix a sequence {£, } r>1 of 
Cp-points of CT such that £ r has order exactly p r and = £r (recall that CT 

is denoted additively). By definition, the points of order p of CT are the points of 
Spec{V[x]/{x p + px)), so it is natural to require that £i is our fixed (— p) 1 /^" 1 '. 
When we will work at level K(Np r ), we will tacitly assume that £ r £ V, so we have 
7,., a canonical SV-point of (C, ) v of order p r . For various r's, these morphisms are 
compatible, and if we let r — » oo (and we take w = 0) we have a morphism, defined 
over C p 

c^^ctIp 00 ], 

where Coo is the p-divisible group defined by the C r 's. 

We can study more closely the case r = 1. Recall that the canonical subgroup 
is C = Spec{R[x]/(x p + § )), where E e R satisfies E P -i\ Spf r R) = Eu®?- 1 . Let 
S '■= S\. Giving 7 = 71, our canonical S'-point of Cg, is the same as giving the 
morphism S'[a;](2; p +px) — > S[x]/ (x p + -g), that amounts to choose a (p — l)-th root 
of E in S. But by definition we have a (p — l)-th root of — -jj in S, and using our 
fixed £1 we get E? 1 /^ -1 ) £ S. At the end we see that our morphism 7 £ C W (S) 
corresponds to 

C s = Spec(S[x]/(x p + |)) -> £Ts = Spf(S[[x]]) 



£l/(P"l) 



X <^ IE 



In this way the explicit description of 7 is very simple, and the relation between 7 
and E\ is completely transparent. 

It follows by the explicit description of the canonical subgroup that the module of 
invariant differential of C is generated by d(x), with the unique relation d(x) = 0, 
so we have cj c = R/JgRd(x). We can be even more precise: let h : C — > ^[p] 1 be the 
natural map. We have fixed above a coordinate x of .A 1 , and we have denoted with 
uj the differential dual to x. Then, in ^/fi' we nave h*(ui) = jrrg- In particular, 
under the isomorphism w c = R/^Rd(x), we have h*(ui) — d(x). Using Oort-Tate 
theory, we can give an explicit formula for the comultiplication of C. It is given by 

1 P_1 w 

c(x) = + E — ^— — x l ® x v ~\ 

I— I 1 
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where Wi £ 1i p are the universal constants of jOT70j . Moreover, the counit of C is 
given by x i — y 0. Having fixed £ p , a primitive p-th root of unity in V, one can also 
write down a morphism — > Spec(S[x]/ (x p — 1)) explicitly (clearly, to obtain the 
morphism corresponding to 7, we need to take as £ p the root of unity corresponding 
to £1 under the isomorphism R[x\/(x p — 1) = R[x\/(x p +p)). This is the approach 
taken in AIS11 , and we now show that our point of view makes the calculations 
much easier. Let a £ S be (p — l)-th root of — -|r given by the moduli problem (so 
we have £1 = aE 1 /^ 1 ^). Then the map 



S[x}/(x? 




I4l 



gives the required morphism C$ — > Spec(S[x]/ (x p — 1)). We see that here the 
formula is much more complicated than the one for 7, in particular, Proposition l3.2l 
below, that is easy with our approach, requires non trivial calculations in [AlSllj . 

We continue to use the above notations. Let 77 = Spec(K) be a generic geometric 
point of Spec(i?), we write Q for 7Ti(Spec(i?i<- ), t\k)- We denote with R the direct 
limit of all i?-algebras TCI which are normal and such that Tk is finite and etale 
over Rk- Let G be a finite and flat group scheme over R, killed by p n . Taking the 
pullback of the invariant differential d(x) of CT, we get the map 

d log GiT : G V (T) -> w G ® R T/p n T, 

where T is as above. We are interested in the map dlog G : G v (i?) —> lo g <E>rR/p u R 
obtained by direct limit. Taking the inverse limit over n, we have the map 

dlog^ : TpdAip^y) ® Zp % -> u A/R ® R % 

where T p ((74[p 00 ] 1 ) v ) = ((^[p 00 ] 1 ) 7 )^) is the Tate module of Alp 00 } 1 . 

Proposition 3.2. We have 

dlo g^b]!,5(7) = Ei modp 1 -™". 

Proof. Clearly we have 7*(d(x)) = iJ 1 /^-!) d(x). We can write u^, = luR/^R and 
= uR. But by definition of A4(N)(w), we have % £ p 1 ~ w R, so the natural 
map — > uj_ c is an isomorphism modulo p x ~ w . By definition we have E\ \ s p f(R) — 
£|i/(p-l) w G E°(m(Np)(w),uj_) so we see that j*(d(x)) = E llSp[(s) mod p x ~ w . □ 

From now on we will omit (R) in the notation, it should be clear from the context 
whether we are talking about the group scheme or about the group of points. We 
also write R z for R/p z R (and similarly for other objects). 



4. The Hodge- Tate sequence 

We recall in this section the main technical results of |Bral2] (see also [AIS11] ). 
The proof are exactly the same, so we will omit them. Let Spf (R) be an open affinc 
of DJl(N)(w), and let A be the corresponding false elliptic curve defined over R. We 
assume that w < -^j. 
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Definition 4.1. The Hodge-Tate sequence of A is the following sequence of R- 
modules with semilinear action of Q: 

-> uf AV/R ® R 5(1) ^ Tp((^l[n7 00 ] 1 ) v ) ® Zp S ^ S -> 0. 

where * means 'dual module', a^ is defined using the dlog-maps of (^l[p°°] 1 ) v , and 
(1) is the Tate- twist. 

Theorem 4.2. The Hodge-Tate sequence is a complex and the map a a is injective. 
Moreover, the homology of the sequence is killed by p v , where v := — rj- The Hodge- 
Tate sequence is exact if and only if A is ordinary. Furthermore, ker(dlog^) and 

In^dlog^) are free R-modules of rank 1. The latter is generated by dlog_4((7) r ). 
Finally, taking Gal(i?^ / Sk) -invariants, everything remains true also over S (i.e. 
at level K(Np) ), but we cannot descend to R (i.e. at level K(N) ). 

Corollary 4.3. We have that iilx(Np r ) * s globally fr ee if an d on h tf r > 1- In this 
case, we have ^ {Npr) = O m ( Np r)( w yigEi. 

This corollary is the reason why the theory is quite different if r > 1 or not. 

Let T> r C (^l[p r ] 1 ) v be the orthogonal of C r . Let w < pT — 2( p+1 ) as usual (we need 
to assume w < 1/p if r = 1). Then the kernel of the map dlog^,.]! R : (.A[p r ] 1 ) V — > 
w A j R ®rR t is V r . 

Proposition 4.4. We have a commutative diagram of Q -modules, with exact rows 
and vertical isomorphisms, 

ker(dlog^) r _„ > Tp((^[p 00 ] 1 ) v ) ® i? r _„ *■ Imtdlog^),-,, > 

i i 
^ V r ® R r _ v {AP r YY ® Rr-v >■ C v r <8> R r - V > 

5. Modular forms of non-integral weight 

There is a rigid analytic (group) variety W over Q p such that, for any afhnoid 
algebra A, we have W(A) = Hom cont (Z*, A*) (functorially) . We embed Z in W 
sending k £ Z to the morphism t i-> t k . We have an isomorphism of topological 
groups Z p = /U p _i x so, if W° is the connected component of W containing 

the trivial character, we have W = ]J v W°, where /zY^ := Hom groups (/ip_i, Q*). 

Moreover, the map x i->- x(l + p) — 1 gives an isomorphism W° = S(l~), where 
B(a~) is the open disk of radius a and center the origin. It is well known that any 
continuous x : Z* — > A* is locally analytic. We say that x is r -admissible if the 
map Z p — > A* given by x n- x((l +p r+1 a;)) is analytic. This is equivalent to 

_ i 

|x(l+p)-l|<p v-Hp+d . 

Let x : ^p K* DC ^-admissible. It follows that there is s £ K such that \(t) = 
[tY(t) s := [t] l exp(slog((t)) for all £ with v((t) - 1) > r, where 

• ieZ/(p-l)Z; 

• [t] means the Teichmiiller character applied to the reduction modulo p of i; 

• (t)t := and self is such that |s| < p~~ +r . 
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_ 1 — 

Let W°_ be the subset of W° corresponding to B r - := B(p p'^fp+i) ) via W° = 
B(l). We write W r - for H v W°_ . It follows that % is r-admissible if and only 
if X € yV r -(K). Taking closed discs C r such that B( r _;n- C C r C B r - (where 
Bo- : — {0}), we obtain an admissible open W r C W. Furthermore {VV r } I , >1 is an 
admissible covering of W and any x € Wr(if) is r-admissible (but of course the 
converse is not true). We fix one such {W r } r>1 . 

Let r > 1 be an integer and let Z* — > K* be an r-accessible character and 
write \(t) = [i\ l {t) s '■= [t] z exp(s log((t)), for t sufficiently close to 1. From now on, 
when we work at level K(Np r ) we will always assume that 

W < ^ { {P ~ 1} ( V(S) T J=i) ' + ■ 

We define the sheaf (of groups) on 9Jt(./Vp r )(u;) 

<->r,tu : = ^p(l +P r 1, C ) OT(Afp'-)(to))- 

The reason to consider S r>w is the following: if x G S r>w (Spi(S r )) (where S r is as 
in Section we can write x = ub, where u G and 6 G 1 + p r ~ v S r . It follows 
from our assumption on w that x x := x(u)6 s makes sense, and it is another section 
of S r . w . Thus, S TiW is a suitable subsheaf of O^^^^^ where 'raising to the \~ 
th power' makes sense. To define modular forms of weight \i we need to find an 
analogue of the O^^^^^ytorsor given by the generators of w, but relative to 
S r , w , so we can raise to the %-th power. We proceed in two steps: first of all we 
find a suitable trivial subsheaf of uj (note that, since we working with the formal 
models, to is not trivial even if r > 1), then, working (via the trivialization) with 
Osm(Np r )(w)i we define the required torsor. 

Let F r , w be the sheaf on Wl(Np r ){w) defined as follows. Let Spf(i?) C m{N){w) 
be an open affine, and write Spf(5 r ) for its pullback to dJt(Np r )(w). Let Q r := 
G&\(Rk , S v _k)- Let A be the false elliptic curve corresponding to Spf(i?), we define 

J"r,n)(Spf(S r )) := Im(dlog_ 4 ) e '' CLO Asr / Sir . 

This the desired trivial subsheaf of or. by the results of Section|4]and Proposition ^. 21 
we have that T r . w — OrgitNp r )(w)^l- We can now define the required torsor. Writing 
<Zy for the (constant) sheaf defined by the dual of the canonical subgroup, we have, 
by Proposition 14.41 

(1) Fr.w/P 1 ~ V Fr,w — ® Oyyi^Npry^ / p T ~ V O m ( Np -r)( w ). 

Having this isomorphism, we define the sheaf (of sets) J-' rw on dJt(Np r )(w) as the 
inverse image of the constant sheaf given by (C^) , the subset of of points of 
order exactly p r . 

Proposition 5.1. We have that T' rw is the trivial S r ^ w -torsor generated by E\. 

Proof. This follows immediately from Section 2] □ 

Definition 5.2. A test object of level K(Np r ) (with r > 1) and growth condition 
w is a triple {{A/S r , i, a, P), Y, rf), where: 

• S r is a p-adically complete, flat, and normal ^-algebra; 

• (A/S r , i, a, P) is an object of the moduli problem of leveii<r(iVp r ); 

• Y is a global section of u/| ,g P such that YE v -\ = p w . 
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• r\ is a global section of the pullback of T' r w to Spf (S r ). 

Remark 5.3. The above definition is different, and not equivalent to Definition ^. 31 
but the definition of modular form given below, in the case x(t) — t \ w iU be the 
same as above. Since we are interested in modular forms rather than in test objects, 
this is not a problem. 

Definition 5.4. Let r > 1 and let \ be an r-accessible character. A p-adic 
modular form with respect to D, level K(Np r ) and weight \> with coefficients 
in K and growth condition w, is a rule that assigns to every test object T — 
((A/S r , i, a, P), Y, n), where T is of level K{Np r ) and growth condition w, an ele- 
ment f(T) e S rt K such that 

• f(T) depends only on the isomorphism class of T; 

• if ip : S r — > S' r is a morphism of p-adically complete, flat, and normal V- 
algebras and we denote with T" the base change of T to S' r , we have f(T') = 

■Mm 

• for any x £ S r . w (SpI(S r )) — Z*(l + p r v S r ), we have 

f(((A/S r ,i,a,P),Y,x V )) = x*- 1 f(T). 

We write S D (K, w, K(Np r ), \) for the space of such modular forms. 

Proposition 5.5. Let r > 1. On 9Jt(-/Vp r )(tt;) rlg there is an invertible sheaf 
Q,x(Np r )(w) such that 

S D {K, w, K(Np r ), x) = H a (M(Np r )(wy is ,n x (Np r )(w)). 

If x(t) — t k for some integer k, we have a natural isomorphism £l x (Np r )(w) = 
n k (Np r )(w) ~w® fe ; so S D {K lW ,K{Np r ),x) = S D {K,w, K(Np r ),k). 

Proof. Let OgjUN p r\/ w \ be 0gji(jVp r )M w ith the action of S r . w twisted by x- We 
take for fl x (Np r )(w) the rigidification of 

Jt?om Sr m ( T' T w , ^ot(jv P '-) («;))' 

where M'oms r w (•, ■) means homomorphisms of sheaves with an action of S r ^ w . It is 
an invertible sheaf by Proposition 15.11 The second part of the proposition follows 
by Corollary S31 □ 

Remark 5.6. As in Remark 12.61 we have a formal model of n, x (Np r )(w). We will 
see that this will be false in the case r = 0. In any case, since E\ is a generator 
of lo over K , we need to work after having inverted p to have the isomorphism 
Q x (Np r )(w) = tt k (Np r )(w). This is the reason why we consider modular forms 
with coefficients in K rather than in V . 

Let r > h > 1 be integers.. We write d r ,h - M(Np r )(w) -4 Dtt(Np h )(w) for the 
natural morphism. Its rigidification is finite, etale, and Galois with Galois group 
G r .h Q (Z /p r Z)* given by the image of 1 +p h Z under the projection Z — > Z /p r Z. 
We let moreover -d r : $Jl(Np r )(w) —> fXH(N)(w) be the natural morphism. We have 
that "#" g is finite and etale with G r = (Z jp r Z)* as Galois group. Let x be an 
r-accessible character and let / G S D (K, w, K(Np r ), x)- For any a S G r , we define 
another modular form f^^ via the formula 

f\{a)(A/S r ,i,a,P,Y,n) = f{A/S r ,i,a,aP,Y,a^ 1 n), 
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where the action of G r on the global sections of T' rw is defined by aE\ := a*E\, 
viewing any a £ G r as an automorphism of ^ffl{Np r ){w). Note that this action is 
compatible, via the isomorphism ([lj, with the natural action of G r on (C^)* . The 
operator / H> /i/ a \ is called a diamond operator. It is easy to show that it comes 
from an action of G r on £l x (Np r )(w). 

Proposition 5.7. Let f e S D (K, w, K(Np r ),x)- Then f descends to level K(Np h ) 
if and only if f\( a ) = f for all a 6 G r ,h- 

Proof. This follows immediately from the definition of modular form using test 
objects. □ 

Example 5.8. We have £a|( a ) = [a -1 ]^ for any a 6 F*, so, as we already know, E\ 
does not descend to level K(N). On the other hand £ p _i|( ) = [a~ l ] p ^ l Ef p_1 = 
Ep-i as required. 

We now study the relations between the sheaf £l x (Np r )(w) for various r. Let 
f > h > 1 be integers and let \ be an /i-accessible character. It follows that x is 
also r-accessible. 

Proposition 5.9. We have a natural isomorphism 

o r y- {ti T , h ,Sl x (Ntf){w)f r ' h s nx(N P h )(w). 
Furthermore o~ r ^ r = id and, if n > r is an integer, we have o~n t h = o~ r ,h o o~ n ^ r . 
Proof. This is |Bral21 Proposition 6.34]. □ 

If x is r-accessible, we have defined modular forms only of level K{Np r ). We are 
now ready remove this restriction, and define also modular forms of level K(Np h ). 

Definition 5.10. Let %: Z p — > K* be any continuous character and let h > 
be an integer. Choose r > h such that x is r-accessible. A p-adic modular form 
with respect to D, level K(Np h ) and weight x> with coefficients in K and growth 
condition w, is a rule that assigns to every test object T = {{A/ S r ,i,a, P),Y,rf), 
where T is of level K(Np r ) and growth condition w, an element f(T) £ S r ,K such 
that the conditions of Definition 15.41 are satisfied and moreover 

f\ (a) = f 

for all a e G r ,/i- We write S D (K,w, K(Np h ),x) f° r the space of such modular 
forms. 

Remark 5.11. It follows from Proposition 15. 9[ that the above definition does not 
depend on the choice of r. Furthermore, it is obvious that Propositions 15 . 71 and 15.91 
stay true in general. 

Proposition 5.12. Let x be any continuous character and let h be an integer. 
There is an invertible sheaf n*(Np h ){w) on m(Np h ){wY is such that 

S D (K, w, K(Np h ), X ) = tt°(M(Np h )(wy i6 , n x (Np h )(w)). 

If x(t) — t k for some integer k, we have a natural isomorphism fl x (Np h )(w) = 
n k (Np h )(w) ^uf k , so S D {K,w,K{Np h ), X ) = S D (K,w,K(Np h ),k). 
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Proof. Choose any r > h such that x is ^-accessible. We define 

W(Np h )(w) := (# r , h ,*nx(Np r ){w)f r ' h . 

Since 9Jl(Np r )(w) lis -> m(Np h )(w) lis is finite etale with G r , h as Galois group, we 
have that Q x (Np h )(w) is an invertible sheaf (see also |Bral2l Propositions 6.24 and 
6.27]). □ 

Remark 5.13. We finally see that we do not have a formal model of fL x (N)(w). 
Indeed, the morphism 9Jl(Np r )(w) %R(N)(w) is only generically etale. 

We now study what happens for different w's. Let w' > w be a rational number 
that satisfies the same condition of w. Let i w , fW : 9R(Np r )(w) lis ^ M(Np r )(w'Y is 
(for any r) be the natural inclusion. 

Proposition 5.14. For any continuous character x> we have a natural isomor- 
phism 

(W tW : i* w , tW (nx(Np r )(w')) £* Clx(Np r )(w). 
Furthermore p w . w — id and, if w" > w' is a rational number that satisfies the same 
condition ofw, we have p w >>. w > — p w >. w ° p w ",w'- 

Proof. This is [Bral21 Lemma 6.18 ]. □ 

Let x and x' be continuous character and let h be an integer. We say that x and 
X 1 are h-close is the restriction of x and x' to 1 + p h Z p coincide. We now study 
the relations between modular forms of weight x an d modular forms of weight x' ■ 

Proposition 5.15. Let < h < r be integers and let x be a continuous character. 
If x' * s a continuous character that is r -close to x> then we have 

(n x (Np r )(w)[ip- 1 }) Gr - h = n x '(N P h )(w), 

where ip '■= x/x' * s considered as a character G r j L K* and by Vl x {Np r )[w)['ijj~ ] 
we mean that the action of G Tt h is twisted by . 

Proof. We may assume that x an d x' are r-accessible. We have an isomorphism 
S D (if, w, K{Np r ),x) = S D (K, w, K{Np r ) lX ') that sends a modular form / to the 
rule / defined by 

(A/S r , i, a, P, Y, ri) i y ijj(u)f(A/S r , i, a, P, Y, v ), 

where r\ = u(l + p r ~ v x)Ei (recall that T' rw is the trivial 5 r;U ,-torsor generated by 
Ei). This isomorphism does not respect the action of the diamond operators but 
induces a G r -equivariant isomorphism 

S D (K,w,K(Np r ), X ) = S D (K,w,K(Np r ), x 'M. 

This means that if fu a )a = V'( a ) _1 f° r ai l a G Gr,h> then / is fixed under the action 
of G T: h and hence descends to level K(Np h ). □ 

Corollary 5.16. Let < h < r be integers and let x be a continuous character. 
We have a G r ^h-equivariant isomorphism 

S D (K,w,K(Np r ), X ) = S D (K,w,K(Np h ),x'), 
x'ei 

where I is a set of representative of the set of continuous characters that are r-close 
to x modulo the equivalence relation 'being h-close'. 
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Proof. Let us consider the O w ^ Np h^ w yi e -modnle lf Sl x (Np' r )(w). It has an ac- 
tion of G r ^h and it decompose as a direct sum of the eigenspaces of G r .h. Hence we 
have a decomposition 

< S M ^W)H = (^(WM^- 1 ]) ^. 

Given any \' G /, we set ^ := xlx' ■ By definition, ?/> factors through a morphism 
G r — > K* and hence it define a character ip : G r ,h CG r -> K* . If x" G / is different 
from x'i then the morphism tp: G r ,h — > K* defined by x" must be different from 
ip, otherwise %' and x" would be /i-close. On the other hand, any ip : G r _h — > K* is 
obtained by some x' G I> so the corollary follows by Proposition 15. 151 □ 

We know explain a functorial property of the sheaves £l x (Np r )(w) that gener- 
alizes the fact that we can pullback invariant differentials under an isogeny (see 
[Bral21 Remark 6.20] for details). Let r > 1 be an integer and let x be an r- 
accessible character. Let M.,Zb: Spf(SV) — > VJl(Np r )(w) be two morphisms, cor- 
responding the false elliptic curves A and B. Suppose we are given an isogeny 
/ ' : B — > A whose kernel intersects trivially the canonical subgroup of B. We obtain 
an isomorphism 

/*: i^*n x (N P r )(w) -> i r } e '*Q x {Np r )(w) 

that is the natural pullback of invariant differential if x is an integer. If < h < r is 
another integer, taking G^-invariants we get a similar morphism for il x (Np h )(w). 

Everything we have done so far can be put in analytic families over the weight 
space, so we see that our sheaf fl x (Np r )(w) really 'interpolate' the sheaves uj_® k . 

Proposition 5.17. For any integer r > 1 there is an invertible sheaf Q(Np h ){w), 
where h > 0, on W r X M(Np h ){w) ris such that if x G W r (K) is an r-accessible 
character, then we have a natural isomorphism 

(x,id)*n(Np h )(w) S n x (Np h )(w). 

If r\ and r2 are integers and W\ and u>2 satisfy the usual condition with respect to 
rj and r 2 , then the restrictions of fl(Np )(wi) and tt(Np h )(w 2 ) to W ri (~l W r2 x 
Tl{Np h )(w l y is nM(Np h )(w 2 y i£ coincide. Moreover, ifO <h x < h 2 , then we have 
a natural action of Gh 2 ,h 1 on (id x-)?"^ hi )*Q(Np h2 )(w) such that 

Proof. We start assuming h > r. Let iTi be the natural projection from WV x 
9Jl(Np h )(wy ie to the z-th factor. We write S r , v for 77% S r , w , and the same for T' r w . 
Let x = ub be a local section of S r , w . If A®B is a local section of 0yy r xa>i(Afp h )(» ri f5 
we define x(A ® B) as the local section of WrXm ^ Np hy w yi S that corresponds to 
the function 

(x,z)^x(u)A(x)b x B(z) 1 
for x G W r (T) and z G OT(iVp' l )(u;) ri s(r), where T is any Q p -affinoid algebra. We 
define Q(Np h )(w) as 

n(Np h )(w) := J^om Srw {T^ w ,0 WrXm{Np h )(w yiz). 

We can prove all the proposition as in the case of a single character, and we can 
descend to arbitrary h taking G^-invariants. □ 
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6. The eigencurve 

In this section will be mainly interested in level K(N). We fix an r-accessible 
character x> where r > 1 is an integer. We have that S D (K, w, K(Np r ), x) is by def- 
inition the global sections of a sheaf on 5P?(iVp r )(u>) rlg , that is an affinoid. Further- 
more, we have a formal model of fl x (Np r )(w) that is invertible sheaf on dJl(Np r )(w). 
It follows (see }Bral2| Proposition 7.1]) that S D (K,w,K(Np r ), X ) is a potentially 
orthonormizable i-L-Banach module with respect to the sup norm. For modular 
forms of level K(N) we take G r -invariants, so we have that S D (K,w, K(N),x) 
satisfies property (Pr) of [Buz07] , that we now recall. 

Definition 6.1. Let M be a Banach A- module, where A is an affinoid if-algebra. 
Following [Bu z07| Part I, Section 2], we say that M satisfies the property (Pr), if 
there is a Banach A-module N such that M © N is potentially orthonormizable. 

Let / G S D {K,w,K{Np r ),x) and let T = {A/S r , i, a, P, Y, rj) be a test object 
of level K{Np r ) and growth condition w. There is a flat (over V), normal, and 
p-adically complete SV-algebra S' r such that S t ,k S' r K is finite etale and all 
finite and flat subgroup schemes of ^[p 1 *]^ are defined over S' rK . By normality, 
all such subgroup schemes extend to subgroups of A[p r ]g, . We can base change 
T to S' r , obtaining the test object T", and by definition of modular form we have 
f{T) — f(T'). In particular, in the following, we can assume that all finite and flat 
subgroup schemes of ^[p 1 "] 1 are defined over S r . Let V be a finite and flat subgroup 
scheme of ^[p 1 *] 1 of order p that intersect trivially the canonical subgroup of A\jp r ] . 
By Remark 11.11 we have that T> defines a subgroup of ^4[p r ], and we denote with 
A/T> the quotient of A by this subgroup, that is a false elliptic curve. By our 
assumption on T>, the level structure on A defines a level structure on A/V, denoted 
again (i, a, P). Since T> intersects trivially the canonical subgroup of ,4[p r ] 1 , we have 
an isomorphism i\T' r w = i^rwi where ii,i2'- Spf(SV) — > VJl(Np r )(w) correspond 
to A and A/V, respectively. Let rj be the image of rj under this isomorphism. 
By |Bral2l Lemma 7.5], we have that the SV-point of 9Jt(Np r )(w) corresponding 
to (A/T>,i,a,P) factors through 9Jl(Np r )(w/p). Finally, we obtain a test object 
T/V := ((A/V)/S r ,i,a,Y,i) of level K(Np r ) and growth condition w/p. 

Definition 6.2. We define the U-operator on S D (K,w,K(Np r ),x) by 

u/(r) = -V/(T/p), 

where the sum is over all T> as above. Taking G r -invariants, we obtain a similar 
operator on S D (K,w,K(N),x)- By the above discussion, we have that the U- 
operator factors through S D (K,w/p,K(N),x)- 

Note that also the U-operator can be put in families. 

Proposition 6.3. If w > 0, the U operator on S D (K,w,K(N),x) is completely 
continuous. 

Proof. We can work at level K(Np r ). The U-operator can be defined via a corre- 
spondence on 9Jl(Np r )(w) (see |Bral21 Section 7]), so it is a bounded operator. If 
w > 0, the natural map S D {K,w/p,K(Np r ), X ) -> S D (K,w, K(Np r ), X ) is com- 
pletely continuous, so the same is true for U. □ 

We have the following result of classicality for our modular forms. 
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Proposition 6.4 ([Kas09l Theorem 5.1]). Let f G S D {K,w,K(N),k) and suppose 
that U / = af for some a 6 K. If a satisfies v(a) < k — 1, iften / is classical. 

Using the above notations, we now define the Hecke operators T/, for l^jia 
prime that does not divide SN. Let / G S D (K,w, K{Np r ),x)- We may assume 
that all the finite and flat subgroup schemes of order I of A are defined over S r . 
Since in this case it is automatic that any such subgroup scheme V intersect trivially 
the canonical subgroup of ^[p*"] 1 , we can define T; / as the rule 



Also the operators Tj can be defined using correspondences and can be put in fam- 
ilies. In particular, they are bounded operators, but are not completely continuous. 

Let r > 1 be an integer, and assume that w > is a rational number suffi- 
ciently small. Let Z r be the spectral variety associated to the U-operator acting 
on H°(W r x Tt(N)(w) Tis ,ft(N)(w)). We have proved that all assumptions needed 
to use the machine developed by Buzzard in |Buz07| are satisfied, so we have the 
following 

Theorem 6.5. We have a rigid space C r C WV x Aj£ ne equipped with a finite mor- 
phism C r — > Z r . If L is a finite extension of K , then the points of C r {L) correspond 
to systems of eigenvalues of modular forms with growth condition w, finite slope 
with respect to the Vs-operator, and coefficients in L. If x £ C r (L), let Ai(w) x be 
the set of modular forms corresponding to x. Then all the elements of M.{w) x have 
weight tti(x) G W(L) and the U-operator acts on M.{w) x with eigenvalue tt2(x) . 
We have that tti is, locally on WV and on C r , finite and surjective. For various r 
and w, these construction are compatible. Letting r-Jcoioe have w — >■ and we 
obtain the global eigencurve C C W x A^ 1Ig . 
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